A generalized heat transport equation applicable at small length and short time scales is proposed. It is based on extended irreversible thermodynamics with an infinite number of highorder heat fluxes selected as state variables. Extensions of Fick's and Ohm's laws are also formulated. As a numerical illustration, heat conduction in a rigid body subject to fixed and oscillatory temperature boundary conditions is discussed.
Introduction
The increasing interest in nano-technology has led to new insights in the study of heat transport. It is well known that heat transfer at micro and nanoscale behaves differently from that at macroscales [1, 2] . At small length scales, transport of heat in complex systems is best quantified by means of the so-called Knudsen number ≡ ℓ/ with ℓ denoting the mean free path of the heat carriers, namely phonons, and , the characteristic dimension of the system under study. The Knudsen number becomes typically comparable or larger than one for micro-and nano-systems, in which case heat transport is referred to as ballistic, i.e. dominated by phonon collisions with the walls. If the Knudsen number is much smaller than one, heat transport is simply diffusive, i.e. dominated by phonon-phonon collisions inside the system and described by Fourier's law. For small-length systems, as well as for high-frequency processes, Fourier's law is no longer valid. Another drawback associated to Fourier's law is that it implies that temperature spreads infinitely fast through the whole body, which is physically unsustainable. These observations justify the need to generalize Fourier's law. This can be achieved by various ways, for instance, via the resolution of Boltzmann's equation [3] , making use of the dual time approach [4] or by computer simulations [5] . Here we follow a different route based on Extended Irreversible Thermodynamics (EIT) [6] whose main characteristic is to upgrade the heat flux and higher order heat fluxes to the rank of independent variables. In most applications, for convenience, the analysis is restricted by taking heat flux as single extra variable. In this letter, we go one step further by selecting an infinite number of higher order fluxes. The use of a large number of flux variables finds its justification in the recent progress of nanotechnology and high-frequency processes. The procedure described in this paper is by no means limited to heat transfer but can be easily generalized to other transport phenomena, as electrical conduction and matter diffusion. As a numerical application, we consider the problem of heat conduction in a one-dimensional rigid body of length L at rest, subject to two different kinds of boundary conditions, made explicit in Section 5. The theoretical model for the general heat transport equation is presented in the next Section 2.
A general heat transport equation in terms of high order heat fluxes
At micro and nanoscales, heat transport is mostly influenced by non-local effects and high frequency processes. The classical Fourier law
relating the heat flux vector to the temperature gradient , with λ denoting the heat conductivity, is not applicable at short times and small spatial scales. In order to account for high frequencies, Fourier's law has been generalized by Cattaneo [7] under the form
with designating the relaxation time of the heat flux and the partial time derivative. Cattaneo's relation is easily derivable from EIT (e.g. [6] ) by assuming that the entropy ( , ) is not only depending on the internal energy but besides on the heat flux vector q. The corresponding Gibbs equation in a rigid conductor at rest writes as
wherein η and e are measured per unit volume, is a phenomenological coefficient assumed to be -independent, a dot stands for the scalar product. It will be identified later on and shown to be related to the relaxation time and the heat conductivity . Combining (3) with the energy conservation law for heat conductors = −∇ • and following the usual procedure of EIT, one is led to Cattaneo's relation (2) . However, Cattaneo's relation is not able to cope with non-local effects which are dominant at small length scales. To take them into account, it is suggested in the framework of EIT to introduce a hierarchy of fluxes ( ) , ( ) , ..., ( ) with ( ) identical to the heat flux vector , ( ) (a tensor of rank two) is the flux of , ( ) the flux of ( ) and so on. From the kinetic theory point of view, the quantities ( ) and ( ) represent the higher moments of the velocity distribution. Up to the th -order flux, the Gibbs equation generalizing relation (3) becomes
wherein the symbol ⨂ denotes the inner product of the corresponding tensors. Moreover, the time evolution of entropy is governed by a general balance equation which can be given the form
wherein stands for the entropy flux and for the rate of entropy production per unit volume which is positive definite to fulfil the second law of thermodynamics. To derive an expression for , we need the result (4) for and a constitutive relation for in terms of the set of variables.
It is natural to expect that it is not simply given by the classical expression [8] , but that it will depend on all the higher order fluxes up to order , namely
with designating phenomenological coefficients. It is checked that, after substituting in (5) the expressions of and given by (4) and (6), respectively, and eliminating in (4) the time derivative ∂ t e via the energy conservation law, = −∇ • , one obtains for the entropy production
The above bilinear expression in fluxes and forces (the quantities between parentheses) suggests the following hierarchy of linear flux-force relations
where we state that for a rigid body ≡ . Our purpose is to replace the set of relations (8)- (9) by one single constitutive equation taking into account all the th order fluxes. For the sake of clarity, we will make the development up to the fourth order and generalize afterwards. The fourth order flux equation ( = 4 in equation (9)) is given by
Taking the divergence (∇ •) of (10), substituting it subsequently in (9) with = 3, and omitting any flux > 4, leads to
Apply again operator divergence on (11), substitute it on its turn in (9) but with = 2 and repeat the same operation until arriving at equation (9) with = 1 (which is now equivalent to Eq. (8)), the final result is
This relation may be viewed as a generalized Cattaneo's relation up to the 4 th order flux ( ) . However, it is not very convenient from a practical point of view because of the presence of the higher order fluxes which are not directly measurable and whose physical meaning is not clear. This is the reason why we propose in the next section a more suitable expression, wherein all the high-order fluxes have been eliminated.
A generalized transport equation in terms of the heat flux
Our purpose is to express equation (12) exclusively in terms of the more physical quantities that are the temperature and the classical heat flux . The higher order fluxes ( ) are eliminated by making use of the very definition of the high-order flux, namely
In virtue of (13) and after some rearrangements, equation (12) can be rewritten as
By repeating the exercise for higher order fluxes with = , we obtain the following general equation governing heat conduction in rigid bodies 
Within the perspective of practical applications, it is interesting to consider the three first order approximations of (17) given by
Let us briefly comment Eq. (18). Letting and ℓ tend to zero, one finds back Fouriers' law = − ∇ . With ℓ = 0 and omitting the second order derivatives in space and time, one recovers Cattaneo's relation, while setting only = 0, expression (18) reduces to GuyerKrumhansl's relation [9] . It may be convenient to reformulate the above results in dimensionless form. Let us, therefore, rescale the heat flux with ( ) , the space coordinate with the characteristic length , the time with and define the dimensionless temperature by → ( − )/( − ). Here, and are the high and low temperatures at the respective hot and cold sides of the system. Introducing the Knudsen number ≡ ℓ and using the same notation for the non-dimensional quantities, equation (17) becomes
4. A simplified expression of (17) Equation (21) describes both non-local effects and high frequency processes. Solving it implies the determination of the high order time derivatives / at = 0. However, if we consider only non-local processes, it is then desirable to eliminate the terms / ( > 2) from relation (17). This is easily achieved by assuming that ≪ , which amounts to neglect the higher relaxation times ( ≥ 2) in comparison to in equation (12). Under these assumptions and limiting the developments to = 3, the latter reads as
Moreover, relation (9) wherein = 2 and = 0, may be written as
Substituting (23) in (22), making use of (16) and omitting high order flux terms of ( ( ) ) yields
which, in virtue of the relation (16) leads to
The advantage of the above expression with respect to (17) is that it is written exclusively in terms of the physical heat flux vector .
It is easy to verify that, performing the same exercise for = , using the same rescaling notation for the non-dimensional quantities as for (21), results into
5 One-dimensional numerical illustration To assess the importance of the high order fluxes, we calculate the temperature distribution in a 1D rigid body subject to a temperature difference ∆ = − between the hot and cold faces located at = 1 and = 0, respectively. The governing equations are expression (21) for = 2 and the dimensionless energy balance written as
wherein (= / ) is the thermal diffusivity, the heat capacity per unit volume and ≡ a dimensionless number, with = / the thermal characteristic time. The quantity M allows to compare ballistic to diffusion heat transfer, for ≫ 1, heat propagation is mainly of diffusive rather than ballistic nature, while the opposite holds for ≪ 1. Here, we will select ≡ , to visualize the relative importance of both heat transfer mechanisms. The results provided by Eq. (21) will be compared to those obtained from Fourier's law through two different boundary conditions. By imposing an oscillatory temperature at one boundary, one observes that, with Fourier's law, the heat signal reaches instantaneously the opposite boundary of the system, indicating that heat propagates at infinite speed. In contrast, with the EIT model, much of the oscillations are strongly attenuated (should have been chosen much smaller than 1 or much larger than one, the oscillations would have been dimmed instantaneously) and are not reminiscent of the oscillations imposed at the border, reflecting the property that heat propagates at finite speed. The same behavior is noticed in the case of fixed temperatures at both sides. With Fourier's law, the temperature is felt everywhere in the bulk after application of the temperature difference at the boundaries, while with EIT, the temperature is increasing gradually in the course of time and space. Typically, one also observes that EIT predicts a small persisting temperature jump, which is a property that is pointed out by several authors, e.g [1, 10] .
Extension to other constitutive laws
The previous sections were devoted to the problem of heat rigid conductors and general constitutive equations for the heat flux were derived in presence of strong non-localities and high frequencies. Formally, the same procedure can be extended to any kind of phenomena whose behaviour is governed by constitutive relations having the structure of Fourier's law, such as Fick's or Ohm's laws. Table 1 gives some examples of how such classical constitutive equations can be extended to small-length-scales systems and high-frequency processes. Note that thermoelectric effects like the Seebeck effect (expressing that a temperature gradient gives raise to an electric current density ) or the Peltier effect (an electrical potential gradient produces a heat flux ) can be treated in the same way by combining the expressions of the first and last equations of Table 1 . Of course, similar generalizations can also be formulated from equation (26). 
Generalizing Fick and Ohm equations requires to specify the corresponding set of state variables and their evolution equations. In case of matter diffusion in a two-component system, the state variables are = ( , ), where stands for the mass fraction of, say, the first constituent and for the flux of matter. In case of electrical conduction, one has as state variables = ( , ), with the electrical charge per unit mass (related to the electrical potential by Poisson's equation = − ∇ , where is the electrical permittivity) and the electrical current density. Finally, in Table 1 , denotes the coefficient of diffusion and the electrical conductivity. The balance equations for and are respectively = −∇ • and = −∇ • .
Conclusions
The aim of this work is to generalize the usual transport equations of continuum physics by considering the problem of heat conduction in rigid bodies as a case study. This is achieved in the framework of EIT by using an infinite set of flux variables. The approach is original and the two most important results are embodied in equations (17) and (25). Including an infinite number of fluxes into the description is not merely a pure academic game but is of importance to describe very high frequency processes and low scale phenomena as those occurring at micro and nanoscales. The main advantage of relations (17) and (25) is that they do not ignore a priori the influence of the high order fluxes. However for convenience and within the perspective of practical applications, the relevant constitutive laws are not formulated in terms of the whole set of high order fluxes but instead in terms of the sole heat flux , which is directly accessible to measurements, contrary to the higher order fluxes. The analysis is also easily transposable to other situations involving electrical current (Ohm's law) and matter diffusion (Fick's law), keeping in mind the corresponding balance equations. As an application, we have calculated heat propagation in a 1D rigid rod submitted to a fixed temperature at one side, the other side being subject to either an oscillatory or a fixed temperature. The numerical results show explicitly that the proposed model predicts a finite velocity of propagation of heat signals, in opposition to Fourier's law which leads to temperature disturbances propagating with boundless speed within the limit of high frequencies.
